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Abstract
We show that every Cr differentiable map satisfying Axiom A and the strong transversality has
the uniformly shadowing property. This was proved by K. Sakai for the class of Cr diffeomorphisms.
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1. Introduction
In [9] Robinson proved that if a Cr diffeomorphism f on a closed C∞ manifold
satisfies Axiom A and the strong transversality, then f has the shadowing property. Sakai
proved in [10] that such a diffeomorphism f has the Cr uniformly shadowing property.
Conversely, Sakai [11] proved that if f has the C1 uniformly shadowing property, then
f satisfies Axiom A and the strong transversality. Pilyugin investigates in [5,6] several
properties equivalent to the uniformly shadowing property for C1 diffeomorphisms. In this
paper we investigate the uniformly shadowing property of differentiable maps. Our result
is stated as follows:
Theorem. If a Cr differentiable map f satisfies Axiom A and the strong transversality,
then the inverse limit system f˜ has the Cr uniformly shadowing property.
In [4] we proved that if a C1 differentiable map f satisfies Axiom A and the C1 uni-
formly shadowing property, then f has the strong transversality. Thus we have:
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Corollary. If a C1 differentiable map f satisfies Axiom A, then f has the C1 uniformly
shadowing property if and only if f satisfies the strong transversality.
Let M be a closed C∞ manifold with a metric d induced by a Riemannian metric.
Denote as M the topological product space
∏∞
−∞M and define a compatible metric d˜ on
M by
d˜
(
(xn), (yn)
)= ∞∑
−∞
d(xn, yn)
2|n|
for (xn), (yn) ∈M.
Let Cr(M) be the set of all Cr differentiable maps endowed with the Cr topology (r  1).
For f ∈ Cr(M) we define a continuous map f˜ :M→M by
f˜
(
(xn)
)= (f (xn)).
Then the projection P 0 :M→M defined by P 0((xn))= x0 satisfies P 0 ◦ f˜ = f ◦P 0. For
a subset Λ an f˜ -invariant set Λf is defined by
Λf =
{
(xn) ∈M: xn ∈Λ, f (xn)= xn+1, n ∈ Z
}
.
If Λf = ∅ then f˜ |Λf :Λf → Λf is a surjective homeomorphism. Remark that Λf =
Mf = ∅ when Λ=M . We say that (Mf , f˜ ) is the inverse limit system of (M,f ).
For δ > 0 a sequence {x˜i} ⊂Mf is called a δ-pseudo-orbit of f˜ if d˜(f˜ (x˜i), x˜i+1) δ
for i ∈ Z. We say that the inverse limit system f˜ has the Cr uniformly shadowing property
if there is a neighborhood U(f ) of f in Cr(M) satisfying that for ε > 0 there is δ > 0 such
that if g ∈ U(f ) and a sequence {x˜i} is a δ-pseudo-orbit of g˜, then d˜(x˜i , g˜i (x˜)) ε (i ∈ Z)
for some x˜ ∈Mg .
Let π : TM →M be the tangent bundle of M and ‖ · ‖ be a Riemannian metric on TM.
Define a subset of the product topological spaceM× TM by
TM= {(x˜, v) ∈M× TM: P 0(x˜)= π(v)}
and define a Finsler ‖ · ‖ on TM by ‖(x˜, v)‖ = ‖v‖. Then π˜ :TM→ M defined by
π˜(x˜, v) = x˜ is a C0 vector bundle over M. Define the projection P¯ 0 :TM→ TM by
P¯ 0(x˜, v) = v. Then P¯ 0|Tx˜M :Tx˜M→ TP 0(x˜)M is a linear isomorphism where Tx˜M =
π˜−1(x˜). For a subset Λ˜ ofM define
TM|Λ˜ =
⋃
x˜∈Λ˜
Tx˜M.
A linear bundle map Df˜ :TM→ TM covering f˜ is defined by
Df˜ (x˜, v)= (f˜ (x˜),DP 0(x˜)f (v)).
Then we have Df˜ (Tx˜M) ⊂ Tf˜ (x˜)M and P¯ 0 ◦ Df˜ = Df ◦ P¯ 0. To simplify notation we
write Dx˜f˜ = Df˜ |Tx˜M. A closed f -invariant set Λ (f (Λ) = Λ) is said to be hyperbolic
if TM|Λf splits into the Whitney sum TM|Λf = Es ⊕Eu of subbundles Es and Eu, and
there are C > 0 and 0 < λ< 1 such that
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(i) Df˜ (Es)⊂Es and Df˜ (Eu)= Eu,
(ii) ‖Df˜ n|Es‖ Cλn and ‖(Df˜ |Eu)−n‖ Cλn for n 0,
where ‖T ‖ denotes the supremum norm of a linear bundle map T . The number λ is called
the skewness of Λ. It is checked [7] that there are a Riemannian metric ‖ ·‖′ and 0< λ0 < 1
such that for n 0∥∥Df˜ n|Es∥∥′  (λ0)n, ∥∥(Df˜ |Eu)−n∥∥′  (λ0)n.
Thus we suppose C = 1 with respect to the Riemannian metric ‖ · ‖.
For ε > 0 and x˜ = (xn) ∈Mf the local stable and the local unstable sets are defined by
Wsε (x˜, f ) =
{
y ∈M: d(xn,f n(y)) ε for n 0},
Wuε (x˜, f ) =
{
y ∈M | there exists y˜ ∈Mf such that y0 = y
and d(x−n, y−n) ε for n 0
}
.
The stable and the unstable sets are defined by
Ws(x˜, f ) = {y ∈M: lim
n→∞d
(
xn,f
n(y)
)= 0},
Wu(x˜, f ) = {y ∈M | there is y˜ ∈Mf satisfying y0 = y
and lim
n→∞d(x−n, y−n)= 0
}
.
Then it is clear that Wsε (x˜, f )=Wsε (y˜, f ) and Ws(x˜, f )=Ws(y˜, f ) for x˜, y˜ ∈Mf with
x0 = y0.
Let Λ be a hyperbolic set. Then, for x˜ ∈Λf we have
Ws(x˜, f )=
∞⋃
n=0
f−n
(
Wsε
(
f˜ n(x˜), f
))
,
Wu(x˜, f )=
∞⋃
n=0
f n
(
Wuε
(
f˜−n(x˜), f
))
.
If x˜ ∈ Λf and ε > 0 is small, then Wσε (x˜, f ) is a disk or one point set (σ = s, u) [3].
Let y˜ and z˜ be points in Λf . We say that Ws(y˜, f ) is transversal to Wu(z˜, f ) if f n+m |
Wuε (f˜
−m(z˜), f ) is transversal to Wsε (f˜ n(y˜), f ) for ε > 0 small enough and n,m 0.
Denote as Ω(f ) the non-wandering set of f . Then Ω(f ) is closed and satisfies that
f (Ω(f ))⊂Ω(f ) and Per(f )⊂Ω(f ), where Per(f ) denotes the set of all periodic points
of f . A differentiable map f is said to satisfy Axiom A if
(i) Per(f ) is dense in Ω(f ),
(ii) Ω(f ) is hyperbolic.
We say that an Axiom A differentiable map f satisfies the strong transversality if Ws(y˜, f )
is transversal to Wu(z˜, f ) for y˜, z˜ ∈Ω(f )f . It is known that the set of all Cr differentiable
maps which satisfy Axiom A and the strong transversality is open in Cr(M) [1].
A closed f -invariant set Λ is called isolated if there is a compact neighborhood U of
Λ such that Uf =Λf . If Λ is an isolated hyperbolic set and has a point x ∈Λ of which
{f n(x): n  0} is dense in Λ, then we say that Λ is a basic set. If f ∈ Cr(M) satisfy
Axiom A, then Ω(f ) is decomposed into a finite union Ω(f )=Λ1(f ) ∪ · · · ∪Λl(f ) of
basic sets (cf. [8]).
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2. Pseudo-orbits
Let f ∈ Cr(M) satisfy Axiom A and the strong transversality. Denote as Ω(f ) =
Λ1(f )∪ · · · ∪Λl(f ) a finite union of basic sets. Since f satisfies the strong transversality,
f has no cycle, that is there is no subfamily {Λij (f ): 1  j  n + 1} of the basic sets
satisfying the following:
(i) Λi1(f )=Λin+1(f ),
(ii) Λij (f ) =Λij ′ (f ) (1 j = j ′  n),
(iii) Ws(Λij (f ), f )∩ {Wu(Λij+1(f ), f ) \Λij+1 (f )} = ∅ (1 j  n), where
Wσ (Λ,f )=
⋃{
Wσ (x˜, f ): x˜ ∈Λf
}
for σ = s, u and a subset Λ of M . Thus we suppose that
Ws
(
Λj(f ), f
)∩ {Wu(Λi(f ), f ) \Λi(f )} = ∅ ⇒ i > j
(change the indices of the basic sets if necessary). Then we have the following:
Lemma 2.1 (Filtration Lemma [8]). Let Wi be a compact neighborhood of Λi(f )
satisfying Wi ∩ Wj = ∅ if i = j . Then there are a neighborhood U0(f ) of f , a family
{Mi}li=0 of compact subsets of M and a positive integer m0 such that for g ∈ U0(f ) and
1 i  l
(1) ∅ =M0 ⊂M1 ⊂ · · · ⊂Ml =M and M1 =W1,
(2) g(Mi)⊂ intMi,
(3) Λi(f )⊂ intMi \ g−m0 (Mi−1)⊂Wi .
Let Wi be a compact neighborhood of Λi(f ) and U0(f ) be as in Lemma 2.1. For a
positive integer n0 define a compact neighborhood W˜i of Λi(f )f inM by
W˜i =
{
(xn) ∈M: xn ∈Wi ∩ (Mi \ intMi−1), −n0  n n0
}
. (2.1)
Put
2δ0 = min
1il−1
d
(
f (Mi),M \ intMi
)
> 0, (2.2)
where d(S1, S2) = inf{d(x, y): x ∈ S1, y ∈ S2} for subsets S1 and S2 of M . There are a
neighborhood U(f ) of f with U(f )⊂ U0(f ), L 1 and δ′0 > 0 such that for g ∈ U(f )
d
(
f (x), g(x)
)
< δ0 (x ∈M), (2.3a)
d(x, y) δ′0 ⇒ d
(
g(x), g(y)
)
Ld(x, y) (x, y ∈M). (2.3b)
By (2.2) and (2.3a) we have
d
(
g(Mi−1),M \ intMi−1
)
> δ0 (g ∈ U(f ), 2 i  l), (2.4)
and so if x ∈ g(Mi−1) and d(x, y) δ0, then y ∈Mi−1. Choose δ′′0 > 0 such that
2n0+m0∑
t=0
Ltδ′′0 < δ0, L
2n0+m0δ′′0 < δ
′
0.
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Put δ = δ′′0/2n0+1. Let g ∈ U(f ) and {x˜m} be a δ-pseudo-orbit of g˜. Then it is easily
checked that for m ∈ Z, −n0  n n0 and 1 k  n0 − n+m0 + 1
d
(
xm+kn , xmn+k
)

k−1∑
t=0
d
(
xm+k−tn+t , xm+k−t−1n+t+1
)
=
k−1∑
t=0
d
(
gt
(
xm+k−tn
)
, gt
(
xm+k−t−1n+1
))

k−1∑
t=0
Ltδ′′0 < δ0. (2.5)
Lemma 2.2. Let U(f ) and δ > 0 be as above. Then for g ∈ U(f ) and a δ-pseudo-orbit
{x˜m} of g˜ one of the following holds:
(I) there is 1 i  l such that x˜m ∈ W˜i for m ∈ Z,
(II) there are 1 j < i  l and integers m1,m2 with m1 <m2 such that
(a) x˜m ∈ W˜i for mm1,
(b) x˜m ∈ W˜j for mm2.
Proof. Choose 1  i  l such that {xm−n0} ⊂ Mi and {xm−n0} ∩ (Mi \Mi−1) = ∅. Since
d˜(g˜(x˜m), x˜m+1)  δ, we have d(g(xm−n0), x
m+1−n0 )  2
n0δ < δ0, and so by (2.4) there is
m¯ ∈ Z such that xm−n0 ∈Mi \Mi−1 for m  m¯. Put m1 = m¯ − m0 − 2n0 − 1. Then we
have
xm−n0+k ∈Wi ∩ (Mi \ intMi−1) (mm1, 0 k  2n0). (2.6)
Indeed, if it is false, then xm−n0+k /∈ Wi ∩ (Mi \ intMi−1) for some m  m1 and 0 
k  2n0. Since xm−n0 ∈ Mi , we have xm−n0+k ∈ Mi , and so xm−n0+k+m0+1 ∈ g(Mi−1) by
Lemma 2.1(3). Since d(xm−n0+k+m0+1, x
m+k+m0+1−n0 ) < δ0 by (2.5), we have x
m+k+m0+1−n0 ∈
Mi−1, which is a contradiction. Thus (2.6) was obtained. Therefore we have x˜m ∈ W˜i for
mm1.
Choose 1  j  l such that {xm−n0} ∩ Mj = ∅ and {xm−n0} ∩ Mj−1 = ∅. Then it is
clear that j  i . Choose m2 ∈ Z satisfying xm2−n0 ∈ Mj . Since xm2−n0+1 ∈ g(Mj ) and
d(x
m2−n0+1, x
m2+1−n0 ) < δ0, we have x
m2+1−n0 ∈Mj . Inductively, we have xm−n0 ∈Mj for m 
m2. Since xm−n0 /∈Mj−1, we have
xm−n0+k ∈Wj ∩ (Mj \ intMj−1) (0 k  2n0).
Indeed, it is enough to consider the case j  2, because of M1 =W1. If there is 0 k  2n0
such that xm−n0+k /∈Wj ∩ (Mj \ intMj−1), then xm−n0+k+m0+1 ∈ g(Mj−1). Since
d
(
xm−n0+k+m0+1, x
m+k+m0+1−n0
)
< δ0,
we have xm+k+m0+1−n0 ∈Mj−1, which is a contradiction. Therefore x˜m ∈ W˜j for mm2.
If x˜m1+1 /∈ W˜i , then xm1+1k /∈Wi ∩ (Mi \ intMi−1) for some −n0  k  n0. Since
d
(
x
m1
k+1, x
m1+1
k
)
< δ0 and g
(
x
m1
k
)= xm1k+1 ∈ g(Mi),
we have xm1+1k ∈ Mi , and so xm1+1k+m0+1 ∈ g(Mi−1). Thus x
m1+2+k+m0
0 ∈ intMi−1 since
d(x
m1+1
k+m0+1, x
m1+1+k+m0+1
0 ) < δ0. From Lemma 2.1 we have x
m1+2+k+m0+t
0 ∈ intMi−1
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for t  0, and so x˜m1+2+k+m0+t /∈ W˜i for t  0. Therefore we have that x˜m ∈ W˜i for m ∈ Z
if i = j . ✷
Let {Wi} and U0(f ) be as in Lemma 2.1. We define for g ∈ U0(f ) and ε > 0
Wuε
(
Λi(g), g
)= ⋃
x˜∈Λi(g)g
Wuε (x˜, g),
Wuε
(
Λi(g), g
)−1 = ⋃
x˜∈Λi(g)g
Wuε (x˜, g)
−1,
where Wuε (x˜, g)−1 = {x ∈Wuε (x˜, g): g(x) ∈Wuε (g˜(x˜), g)} for x˜ ∈Λi(g)g . Then
Fuε
(
Λi(g), g
)=Wuε (Λi(g), g)−Wuε (Λi(g), g)−1 ⊂Wuε (Λi(g), g)
is called the fundamental domain of Wuε (Λi(g), g) where S¯ denotes the closure of S.
Notice that Fuε (Λi(g), g) ∩Λi(g)= ∅.
From Lemma 3.3 in [1] the following lemma is easily checked.
Lemma 2.3. For r > 0 there exist a neighborhood U(f ) of f with U(f )⊂ U0(f ), k1 > 0
and α0 > 0 such that for g ∈ U(f )
gk1
(
Bα0
(
Fur
(
Λi(g), g
)))⊂ intMi−1 (2 i  l),
where Bα(S)= {x ∈M: d(x,S) α} for α > 0 and a subset S of M .
Lemma 2.4 (Lemma 3.4 [1]). For α2 > 0 and r > 0 there exist a neighborhood U(f ) ⊂
U0(f ) and k2 > 0 such that for g ∈ U(f )
gk2
(
Wi \Uα2
(
Wsr
(
Λi(g), g
)))⊂ intMi−1 (2 i  l),
where Uα(S)= {x ∈M: d(x,S) < α} for α > 0 and a subset S of M .
3. Proof of theorem
Let f ∈ Cr(M) satisfy Axiom A and the strong transversality, and let 0 < λ0 < 1 be the
skewness of Ω(f ). Denote as Ω(f )=Λ1(f )∪ · · · ∪Λl(f ) a finite union of basic sets.
Lemma 3.1 [1–3,8]. For λ1 with λ0 < λ1 < 1 there are a neighborhood U1(f ) of f and a
compact neighborhood V˜i of Λi(f )f (1 i  l) in M with V˜i ∩ V˜j = ∅ (i = j) such that
g ∈ U1(f ) satisfies the following:
(1) g satisfies Axiom A and the strong transversality.
(2) Denote a set Λi(g) by Λi(g)= P 0(⋂n∈Z g˜n(V˜i ∩Mg)). Then
(a) Λi(g) is a basic set,
(b) Ω(g)=Λ1(g) ∪ · · · ∪Λl(g),
(c) Λi(g)→Λi(f ) as g→ f in the Cr topology.
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(3) Denote as TM|Λi(g) =Esi (g)⊕Eui (g) the hyperbolic splitting of g. Then∥∥Dg˜|Esi (g)∥∥< λ1, ∥∥(Dg˜|Eui (g))−1∥∥< λ1.
(4) There exists a continuous splitting TM|V˜i∩Mg = E˜si (g) ⊕ E˜ui (g) satisfying the
following properties:
(a) E˜si (g)|Λi(g)g =Esi (g), E˜ui (g)|Λi(g)g =Eui (g),
(b) Dx˜g˜(E˜si (x˜, g))⊂ E˜si (g˜(x˜), g) and ‖Dx˜g˜|E˜si (x˜,g)‖< λ1 for x˜ ∈ V˜i ∩ g˜−1(V˜i) ∩
Mg ,
(c) Dx˜g˜(E˜ui (x˜, g)) = E˜ui (g˜(x˜), g) and ‖(Dx˜ g˜|E˜ui (x˜,g))−1‖ < λ1 for x˜ ∈ V˜i ∩
g˜−1(V˜i)∩Mg ,
where E˜σi (x˜, g)= E˜σi (g)∩ Tx˜M (σ = s, u, x˜ ∈ V˜i ∩Mg).
(5) If g → f in the Cr topology and x˜g → x˜f (x˜g ∈ V˜i ∩Mg, x˜f ∈ V˜i ∩Mf ), then
E˜σi (x˜
g, g)→ E˜σi (x˜f , f ) (σ = s, u).
If dim E˜si (f ) = dimM , then it is easily checked that Λi(f ) is a finite set and there is
r¯ > 0 such that g(Ur¯ (x0)) ⊂ Uλ1 r¯ (x1) for g ∈ U1(f ) and (xn) ∈ V˜i ∩Mg . Thus we have
the following:
Lemma 3.2. If dim E˜si (f ) = dimM , then for r > 0 there exists δ > 0 such that for
g ∈ U1(f )
(1) if a δ-pseudo-orbit {x˜m} of g˜ satisfies x˜m ∈ V˜i for m  0, then there exists y˜ =
(ym) ∈Mg such that d(y−m,x−m0 ) r for m 0,
(2) if a δ-pseudo-orbit {x˜m} of g˜ satisfies x˜0 ∈ V˜i , then
(a) x˜m ∈ V˜i for m 0,
(b) d(gm(y), xm0 ) r for y ∈Ur(x00) and m 0.
Let exp : TM(r0)→M be the exponential map of M (for some r0 > 0). For x˜ ∈M define
a C∞ embedding expx˜ :Tx˜M(r0)→M by
expx˜ = expx0 ◦P¯ 0|Tx˜M(r0),
where Tx˜M(r0)= {(x˜, v) ∈ TM: ‖v‖ r0}. Choose r1 with 0 < r1 < r0/2 satisfying that
g
(
Ur1(x)
)⊂Ur0/2(g(x)) (3.1)
for g ∈ U1(f ) and x ∈M (take U1(f ) small enough if necessary). Then for g ∈ U1(f ) and
x˜, y˜ ∈Mg with d˜(g˜(x˜), y˜) < r0/2
Gx˜y˜ = exp−1y˜ ◦g ◦ expx˜
is a Cr map from Tx˜M(r1) to Ty˜M.
Let V˜i and TM|V˜i∩Mg = E˜si (g) ⊕ E˜ui (g) be as above and x˜, y˜ ∈ V˜i ∩ Mg satisfy
g˜(x˜) ∈ V˜i and d˜(g˜(x˜), y˜) < r0/2. Then DoGx˜y˜ :Tx˜M→ Ty˜M can be written as
DoGx˜y˜ =
(
Ax˜y˜ Bx˜y˜
Cx˜y˜ Dx˜y˜
)
: E˜si (x˜, g)⊕ E˜ui (x˜, g)→ E˜si (y˜, g)⊕ E˜ui (y˜, g),
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whereAx˜y˜ : E˜si (x˜, g)→ E˜si (y˜, g), Bx˜y˜ : E˜ui (x˜, g)→ E˜si (y˜, g), Cx˜y˜ : E˜si (x˜, g)→ E˜ui (y˜, g)
and Dx˜y˜ : E˜ui (x˜, g)→ E˜ui (y˜, g). Consider a linear map Tx˜y˜ :Tx˜M→ Ty˜M defined by
Tx˜y˜ =
(
Ax˜y˜ 0
0 Dx˜y˜
)
: E˜si (x˜, g)⊕ E˜ui (x˜, g)→ E˜si (y˜, g)⊕ E˜ui (y˜, g).
Then ‖DoGx˜y˜−Tx˜y˜‖→ 0 if x˜ ∈ V˜i ∩ g˜−1(V˜i )∩Mg and y˜→ g˜(x˜). Thus there is a number
δ′1 with 0 < δ′1  r0/2 such that if g ∈ U1(f ) and x˜, y˜ ∈ V˜i ∩Mg satisfy g˜(x˜) ∈ V˜i and
d˜(g˜(x˜), y˜) δ′1, then
(1) ‖Tx˜y˜ |E˜si (x˜,g)‖ = ‖Ax˜y˜‖ λ1,
(2) Tx˜y˜ |E˜ui (x˜,g) =Dx˜y˜ : E˜
u
i (x˜, g)→ E˜ui (y˜, g) is a linear isomorphism,
(3) ‖(Tx˜y˜ |E˜ui (x˜,g))−1‖ = ‖D
−1
x˜y˜
‖ λ1.
For ρ  1 and r > 0 we put
Σ
ρ
i (x˜, g, r) =
{
σ : E˜ui (x˜, g, r)→ E˜si (x˜, g) | (1) σ is a C1 map,
(2) ‖σ(o)‖ r, (3) Lip(σ ) ρ},
where E˜ui (x˜, g, r) = E˜ui (x˜, g) ∩ Tx˜M(r), o is the zero-vector and Lip(σ ) is a Lipschitz
constant of σ .
The following Lemma 3.3 is easily checked by the same argument as the proof of the
local stable manifold theorem for diffeomorphisms [3,12].
For κ > 0 there are a neighborhood U2(f ) of f with U2(f ) ⊂ U1(f ) and 0 < r ′1  r1
such that if g ∈ U2(f ) and x˜, y˜ ∈ V˜i ∩Mg satisfy g˜(x˜) ∈ V˜i and d˜(g˜(x˜), y˜)  δ′1, then
Lip((Gx˜y˜ − Tx˜y˜)|Tx˜M(r ′1)) κ . Let ρ and γ satisfy
ρ  1, λ1 + 2κρ < 1, 1 < γ < 1
λ1
− 2κρ.
Then for r with 0< r  r ′1 there is δ with 0< δ min{r, δ′1} such that if d˜(g˜(x˜), y˜) δ and
σ ∈Σρi (x˜, g, r), then pu ◦Gx˜y˜ ◦ (σ, id) : E˜ui (x˜, g, r)→ E˜ui (y˜, g) is a diffeomorphism and
pu ◦Gx˜y˜ ◦ (σ, id)(E˜ui (x˜, g, r)) ⊃ E˜ui (y˜, g, γ r), and so a map Γgx˜y˜ (σ ) : E˜ui (y˜, g, γ r)→
E˜si (y˜, g) is well defined by
Γgx˜y˜ (σ )= ps ◦Gx˜y˜ ◦ (σ, id) ◦
[
pu ◦Gx˜y˜ ◦ (σ, id)
]−1|E˜ui (y˜,g,γ r).
Here pσ : E˜si (g)⊕ E˜ui (g)→ E˜σi (g) (σ = s, u) is the natural projection.
Lemma 3.3. For ρ  1, κ > 0 and γ > 1 with λ1 + 2κρ < 1 and γ < 1λ1 − 2κρ there
are a neighborhood U2(f ) and 0 < r2  r ′1 such that for 0 < r  r2 there exists δ with
0 < δ  min{r, δ′1} satisfying that if g ∈ U2(f ) and x˜, y˜ ∈ V˜i ∩Mg satisfy g˜(x˜) ∈ V˜i and
d˜(g˜(x˜), y˜) δ, then for σ ∈Σρi (x˜, g, r)
(1) Γgx˜y˜ (Σρi (x˜, g, r))⊂Σρi (y˜, g, γ r),
(2) graph(Γgx˜y˜ (σ ))⊂Gx˜y˜(graph(σ )),
(3) Lip(Γgx˜y˜ (σ )) λ1Lip(σ )+ κ max{Lip(σ ),1},
(4) ‖Γgx˜y˜ (σ )(o)‖ (2κρ + λ1)‖σ(o)‖ + (ρ + 1)δ  r .
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Take and fix positive numbers ρ,κ0 and γ satisfying that ρ = 1, λ1 + 2κ0 < 1 and
1< γ < 1
λ1
−2κ0. Choose U2(f ) and r2 > 0 as in Lemma 3.3. Then we have the following:
Lemma 3.4. If 0  dim E˜si (f ) dimM − 1, then for r with 0 < r  r2 there is 0 < δ 
min{r, δ′1} such that for g ∈ U2(f )
(1) if {x˜m}0m=−k ⊂ V˜i ∩ g˜−1(V˜i) ∩Mg satisfies d˜(g˜(x˜−m), x˜−m+1) δ for 1m k,
then there exists σ ∈ Σ1i (x˜0, g, r) such that for y ∈ expx˜0(graph(σ )) there is
{ym}0m=−k ⊂M satisfying
(a) y0 = y ,
(b) g(y−m)= y−m+1 (1m k),
(c) d(y−m,x−m0 ) 2r (0m k),
(2) if {x˜m}∞m=0 ⊂ V˜i ∩ g˜−1(V˜i) ∩ Mg satisfies d˜(g˜(x˜m), x˜m+1)  δ for m  0, then
for σ ∈Σ1i (x˜0, g, r) there is y ∈ expx˜0(graphσ) satisfying d(gm(y), xm0 )  2r for
m 0.
Proof. For 0 < r  r2 choose δ > 0 as in Lemma 3.3. To show (1) we define a
map σ0 : E˜ui (x˜
−k, g, r) → E˜si (x˜−k, g) by σ0(v) = o for v ∈ E˜ui (x˜−k, g, r). Then σ0 ∈
Σ1i (x˜
−k, g, r). Since d˜(g˜(x˜−k), x˜−k+1) δ, we have Γgx˜−kx˜−k+1(σ0) ∈Σ1i (x˜−k+1, g, γ r).
By Lemma 3.3(4) we have ‖Γgx˜−kx˜−k+1(σ0)(o)‖ r , and so
σ1 = Γgx˜−kx˜−k+1(σ0)|E˜ui (x˜−k+1,g,r) ∈Σ
1
i
(
x˜−k+1, g, r
)
.
Inductively, we can define σm ∈Σ1i (x˜−k+m,g, r) (0m k) satisfying
σm = Γgx˜−k+m−1x˜−k+m(σm−1)|E˜ui (x˜−k+m,g,r) (1m k).
By Lemma 3.3(2) it is easily checked that σk meets our requirement.
(2) By Lemma 3.3(2) form> 0 there is ym ∈ expx˜0(graph(σ )) such that d(gn(ym), xn0 )
2r for 0  n  m. Since expx˜0(graph(σ )) is a closed set, there is y ∈ expx˜0(graph(σ ))
such that ym → y as m→∞ (take a subsequence if necessary). Then it is clear that
d(gm(y), xm0 ) 2r for m 0. We obtained Lemma 3.4. ✷
To simplify notation we suppose that there are a compact neighborhood Vi of
Λi(f ) (1  i  l) and a positive integer n0 such that V˜i = {(xn) ∈M: xn ∈ Vi, −n0 
n n0}.
Proposition 3.5. Let f ∈ Cr(M) satisfy Axiom A and the strong transversality and
let Ω(f ) = Λ1(f ) ∪ · · · ∪ Λl(f ) be a finite union of basic sets. Then there are a
neighborhood U(f ) of f and compact neighborhoods Wi of Λi(f ) (1 i  l) satisfying
the following:
(1) Wi ∪ g(Wi)⊂ Vi for g ∈ U(f ) and 1 i  l.
(2) Let {Mi} be as in Lemma 2.1 for {Wi}, and let {W˜i} be defined by (2.1). Then for
r > 0 there are integers m¯1 > 0, m¯2 > 0 and δ > 0 satisfying that if g ∈ U(f ) and
a δ-pseudo-orbit {x˜m} of g˜ satisfy
(a) x˜m ∈ W˜i for mm1,
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(b) x˜m ∈ W˜j for mm2
for some integers m1 <m2 and 1 j < i  l, then for σ ∈Σ1i (x˜m1−m¯1 , g, r) there
are S ⊂ graph(σ ) and σ¯ ∈Σ1j (x˜m2+m¯2 , g, r) such that
(i) Gx˜m2+m¯2−1x˜m2+m¯2 ◦ · · · ◦Gx˜m1−m¯1 x˜m1−m¯1+1(S)= graph(σ¯ ),
(ii) Gx˜k−1x˜k ◦ · · · ◦ Gx˜m1−m¯1 x˜m1−m¯1+1(S) ⊂ Tx˜kM(2r) for m1 − m¯1 + 1  k 
m2 + m¯2.
If Proposition 3.5 is true, then theorem is obtained as follows: Let {W˜i} and U(f ) be as
in Proposition 3.5. For simplicity we suppose that U(f ) satisfies Lemmas 2.2, 3.2 and 3.4.
Let r2 > 0 be as in Lemma 3.3. For r with 0 < r  r2 choose m¯1 and m¯2 satisfying
Proposition 3.5, and choose δ > 0 satisfying Lemmas 2.2, 3.2 and 3.4 and Proposition 3.5.
Let g ∈ U(f ) and {x˜m} be a δ-pseudo-orbit of g˜. Then, to prove theorem it is enough to
show that there is a point y˜ = (ym) ∈Mg satisfying
d
(
ym,x
m
0
)
 2r (m ∈ Z). (3.2)
In fact, the following lemma is easily checked.
Lemma 3.6. For ε > 0 there are δ > 0 and r > 0 such that for g ∈ Cr(M) if {x˜m} is a
δ-pseudo-orbit of g˜ and y˜ ∈Mg satisfies d(ym,xm0 ) r (m ∈ Z), then d˜(g˜m(y˜), x˜m)  ε
for m ∈ Z.
By Lemma 2.2 one of the following holds:
(I) there is 1 i  l such that x˜m ∈ W˜i for m ∈ Z,
(II) there are 1 j < i  l and integers m1,m2 with m1 <m2 such that
(a) x˜m ∈ W˜i for mm1,
(b) x˜m ∈ W˜j for mm2.
Let us find y˜ ∈Mg satisfying (3.2) if the pseudo-orbit {x˜m} satisfies (I). Remark that
W˜i ⊂ V˜i ∩ g˜−1(V˜i) by Proposition 3.5(1). If dim E˜si (f ) = dimM , then the existence of
such a point y˜ is easily checked from Lemma 3.2, and so we suppose 0  dim E˜si (f ) 
dimM − 1. Then for {x˜m}0m=−k there is σk ∈ Σ1i (x˜0, g, r) satisfying Lemma 3.4(1). By
Lemma 3.4(2) there is yk ∈ expx˜0(graph(σ k)) such that d(gm(yk), xm0 )  2r for m  0.
By the choice of σk there is a sequence {ykm}0m=−k ⊂ M such that yk0 = yk, g(yk−m) =
yk−m+1 (1  m  k) and d(yk−m,x
−m
0 )  2r (0  m  k). Put ykm = gm(yk) for m  1
and ykm = yk−k for m < −k. Then y˜k = (ykm) ∈ M. Since M is compact, we can find
y˜ = (ym) ∈M such that y˜k → y˜ as k→∞ (take a subsequence if necessary). Then y˜ ∈Mg
and d(ym,xm0 ) 2r for m ∈ Z, and so y˜ satisfies (3.2).
If a δ-pseudo orbit {x˜m} satisfies (II), then x˜m1−m¯1−m ∈ V˜i form 0. By Lemma 3.2(2(a))
we have dim E˜si (f ) = dimM , and so for {x˜m1−m¯1+m}0m=−k there are σk ∈Σ1i (x˜m1−m¯1, g, r)
satisfying Lemma 3.4(1). Choose S ⊂ graph(σ k) and σ¯ k ∈Σ1j (x˜m2+m¯2, g, r) as in Proposi-
tion 3.5 for σk . Then by Lemmas 3.4(2) and 3.2(2) we can find zk ∈ expx˜m2+m¯2 (graph(σ¯ k))
such that
d
(
gm
(
zk
)
, x
m2+m¯2+m
0
)
 2r (m 0).
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By Proposition 3.5 there is yk ∈ expx˜m1−m¯1(S)⊂ expx˜m1−m¯1(graph(σ k)) such that
(i) gm2+m¯2−m1+m¯1(yk)= zk ,
(ii) d(gm(yk), xm1−m¯1+m0 ) 2r for 0mm2 + m¯2 −m1 + m¯1.
Since yk ∈ expx˜m1−m¯1 (graph(σ k)), there is a sequence {yk−m} ⊂ M such that yk0 =
yk, g(yk−m)= yk−m+1 (1m k) and d(yk−m,x−m0 ) 2r for 0m k. Put ykm = gm(yk)
for m 1, ykm = yk−k for m<−k and y˜k = (ykm) ∈M. Then we can find y˜ ′ = (y ′m) ∈Mg
such that y˜k → y˜ ′ as k→∞. Put y˜ = g˜−m1+m¯1(y˜ ′). Then y˜ satisfies (3.2). Therefore we
obtained theorem.
4. Proof of Proposition 3.5
It is remained to show Proposition 3.5. To do so we prepare some results and lemmas.
Denote asΩ(f )=Λ1(f )∪· · ·∪Λl(f ) a finite union of basic sets for f ∈Cr(M)which
satisfies Axiom A and the strong transversality. Let U1(f ) and V˜i be as in Lemma 3.1. To
simplify notation we suppose that there are a compact neighborhood Vi of Λi(f ) (1 i 
l) and a positive integer n0 such that
V˜i =
{
(xj ) ∈M: xj ∈ Vi, −n0  j  n0
}
.
Choose a neighborhood U3(f ) and r3 > 0 small enough such that for g ∈ U3(f ) and
1 i  l
(1) B˜r3(Λi(g)g)⊂ V˜i , where B˜r (S˜)= {x˜ ∈M: d˜(x˜, S˜) r} and d˜(x˜, S˜)= inf{d˜(x˜, y˜):
y˜ ∈ S˜} for a subset S˜ ofM,
(2) d(x,Λi(g)) r3 ⇒ gk(x) ∈ Vi for 0 k  2n0 + 1.
Let g ∈ U3(f ). For 1 j < i  l, k > 0, α1  0 and α2  0, define
Ng(i, j, k,α1, α2) =
{
x˜ ∈Mg | x˜ = (xn) ∈ B˜α1
(
F˜ ur3
(
Λi(g), g
))
,
xk+n ∈ Vj (0 n n0),
xk+n0 ∈Uα2
(
Wsr3
(
Λj(g), g
))}
,
where F˜ ur3(Λi(g), g)= {x˜ ∈Mg : x0 ∈ Fur3(Λi(g), g) and x−n ∈Wur3(Λi(g), g) for n 0}.
By (3.8) in [1] there are α¯1 > 0 and α¯2 > 0 such that
(a) Ng(i, j, k, α¯1, α¯2)⊂ V˜i ,
(b) g˜k+n0(Ng(i, j, k, α¯1, α¯2))⊂ V˜j .
Let r1 > 0 be as in (3.1). By taking U3(f ) and r1 small enough we may suppose that
there is L 1 such that for g ∈ U3(f ) and x˜ ∈Mg∥∥Gg˜(x˜)x˜(v)−Gg˜(x˜)x˜(v′)∥∥L‖v − v′‖ (v, v′ ∈ Tx˜M(r1)). (4.1)
For k > 0 put r¯k = r1/Lk+n0 . Then, for x˜ ∈Mg and 1 n k + n0
Gg˜n(x˜)g˜n−1(x˜) ◦ · · · ◦Gg˜(x˜)x˜
(
Tx˜M(r¯k)
)⊂ Tg˜n(x˜)M(r1).
Define a Cr map Gn
x˜
:Tx˜M(r¯k)→ Tg˜n(x˜)M (1 n k + n0) by
Gnx˜ =Gg˜n(x˜)g˜n−1(x˜) ◦ · · · ◦Gg˜(x˜)x˜ .
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Lemma 4.1. For k > 0 there exist a neighborhood U(f ) of f with U(f ) ⊂ U3(f ),
α1 > 0 with α1  α¯1, α2 > 0 with α2  α¯2, ρ1 > 0 and ρ2 > 1 such that for r > 0 with
r  r¯k there are r ′ > 0 and δ¯ > 0 satisfying the following: for g ∈ U(f ), 1  j < i  l,
x˜ ∈ Ng(i, j, k,α1, α2) and σ ∈ Σ1i (x˜, g, r) with Lip(σ )  ρ1 and ‖σ(o)‖  δ¯ there are
σ¯ ∈Σρ2j (g˜k+n0(x˜), g, r ′) and S ⊂ graph(σ ) such that
(1) Gk+n0
x˜
(S)= graph(σ¯ ) and Gk+n0
x˜
|S :S→ graph(σ¯ ) is injective,
(2) Gn
x˜
(S)⊂ Tg˜n(x˜)M(2r) for 0 n k + n0.
To prove Lemma 4.1 we need the following lemma. For x˜ ∈ V˜j ∩Mg and a subspace E
of Tx˜M with dimE = dim E˜uj (x˜, g) we define
 inf
(
E, E˜sj (x˜, g)
) = inf{‖w2‖‖w1‖
∣∣∣w1 ∈ E˜sj (x˜, g) \ {o},
w2 ∈ E˜uj (x˜, g), w1 +w2 ∈E
}
.
Lemma 4.2. For k > 0 there are α1 > 0, α2 > 0, ρ > 0, η > 0, r¯ > 0 and a
neighborhood U(f ) ⊂ U3(f ) of f such that if g ∈ U(f ) and x˜ ∈ Mg satisfy x˜ ∈
Ng(i, j, k,α1, α2) for some 1  j < i  l and dimEsj (f ) = dimM , then there is a
subspace Ex˜ ⊂ E˜ui (x˜, g) with dimEx˜ = dim E˜uj (f ) such that for v ∈Ex˜ with ||v|| r¯
(a) ‖DvGk+n0x˜ (w)‖ η‖w‖ for w ∈Ex˜ ,
(b)  inf(DvGk+n0x˜ (Ex˜), E˜sj (g˜k+n0(x˜), g)) ρ.
Lemma 4.2 is proved by the similar way as the proof of Lemma 3.5 in [1], and so we
omit the proof.
Proof of Lemma 4.1. For the case dimEsj (f )= dimM the conclusion is easily checked,
and so we consider the case dimEsj (f ) = dimM . For k > 0 choose α1, α2, ρ, η, r¯ and
U(f ) as in Lemma 4.2, and put ρ2 = (ρ + 2)/ρ > 1. By taking r¯ > 0 and U(f ) small
enough we have that for g ∈ U(f ), 1 j < i  l and x˜ ∈Ng(i, j, k,α1, α2)∥∥DvGk+n0x˜ −Dv′Gk+n0x˜ ∥∥< ηmin{1, ρ}4(ρ + 2) for v, v′ ∈ Tx˜M(2r¯). (4.2)
It is easily checked that there are ρ′1 > 0 and δ¯′ > 0 such that for g ∈ U(f ),1  j <
i  l,0 < r  r¯ and x˜ ∈ Ng(i, j, k,α1, α2) if σ ∈ Σ1i (x˜, g, r) satisfies Lip(σ )  ρ′1 and
‖σ(o)‖ δ¯′, then for v ∈ graph(σ |Ex˜(r))∥∥DvGk+n0x˜ (w)∥∥ η2 ||w|| for w ∈ Tvgraph(σ |Ex˜(r)), (4.3a)
 inf
(
DvG
k+n0
x˜
(
Tvgraph(σ |Ex˜(r))
)
, E˜sj
(
g˜k+n0(x˜), g
))
 ρ/2, (4.3b)
where Ex˜ is the linear subspace in Lemma 4.2. Choose ρ1 > 0 satisfying ρ1  ρ′1 and
2Lk+n0ρ1 < ηρ/4(ρ + 2), where L  1 is as in (4.1). Let us show that U(f ),α1, α2, ρ1
and ρ2 meet our requirement.
K. Moriyasu, M. Oka / Topology and its Applications 122 (2002) 377–396 389
Let 0 < r  r¯k . Without loss of generality we suppose r  r¯ . Choose δ¯ > 0 satisfying
δ¯  δ¯′ and Lk+n0 δ¯  ηρr/4(ρ + 2), and put r ′ = ηρr/4(ρ + 2). For σ ∈Σ1i (x˜, g, r) with
Lip(σ ) ρ1 and ‖σ(o)‖ δ¯ we put G=Gk+n0x˜ ◦ (id, σ )|Ex˜ (r).
First we show that pu|G(Ex˜(r)) is injective. By (4.3a) for v ∈ graph(σ |Ex˜ (r)) there is
τ = τ (v) > 0 such that G(Ex˜(r))∩Bτ (v) is a C1 submanifold of Tg˜k+n0 (x˜)M, and so
pu|G(Ex˜(r)) :G
(
Ex˜(r)
)→ E˜uj (g˜k+n0(x˜))
is a C1 map. Thus pu ◦G is a C1 map. For v ∈ Ex˜(r) and w ∈DvG(Ex˜) ⊂ Tg˜k+n0 (x˜)M
put w =ws +wu ∈ E˜sj (g˜k+n0(x˜), g)⊕ E˜uj (g˜k+n0(x˜), g). By (4.3b) we have∥∥wu∥∥ ρ‖ws‖
2
,
and so
‖w‖ = ∥∥wu +ws∥∥ ∥∥wu∥∥+ ∥∥ws∥∥ ρ + 2
ρ
∥∥wu∥∥.
Since DG(v)pu(w)=wu, we have∥∥wu∥∥= ∥∥DG(v)pu(w)∥∥ ρ
ρ + 2‖w‖. (4.4)
Thus for w¯ ∈Ex˜∥∥Dv(pu ◦G)(w¯)∥∥ = ∥∥DG(v)pu(DvG(w¯))∥∥ ρ
ρ + 2
∥∥DvG(w¯)∥∥
 ηρ
2(ρ + 2)‖w¯‖ (by (4.3a)), (4.5)
and so Do(pu ◦G) is injective and∥∥(Do(pu ◦G))−1∥∥ 2(ρ + 2)
ηρ
.
By (4.2) we have
Lip
(
G
k+n0
x˜
−D(o,σ (o))Gk+n0x˜
)
<
ηmin{1, ρ}
4(ρ + 2) ,
and so
Lip
(
pu ◦G−Do(pu ◦G)
)
 Lip
(
G
k+n0
x˜
◦ (id, σ )|Ex˜(r) −D(o,σ (o))Gk+n0x˜ ◦Do(id, σ )|Ex˜ (r)
)
 Lip
(
G
k+n0
x˜
◦ (id, σ )|Ex˜(r) −D(o,σ (o))Gk+n0x˜ ◦ (id, σ )|Ex˜(r)
)
+ Lip(D(o,σ (o))Gk+n0x˜ ◦ (id, σ )|Ex˜ (r) −D(o,σ (o))Gk+n0x˜ ◦Do(id, σ )|Ex˜(r))
<
ηmin{1, ρ}
4(ρ + 2) max{1, ρ} +L
k+n0 · 2ρ1 < ηρ2(ρ + 2) .
Thus we have
Lip
(
pu ◦G−Do
(
pu ◦G))∥∥(Do(pu ◦G))−1∥∥< 1.
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By the Local Lipschitz Inverse Function Theorem (cf. Theorem I.2 in [12]) pu ◦ G is
injective, and so pu|G(Ex˜(r)) is injective.
Since ‖pu ◦G(o)‖ Lk+n0 δ¯  ηρr/4(ρ + 2), we have by (4.5)
pu ◦G(Ex˜(r))⊃ E˜uj (g˜k+n0(x˜), g, ηρr/4(ρ + 2)).
Define a map
σ¯ : E˜uj
(
g˜k+n0(x˜), g, r ′
)→ E˜sj (g˜k+n0 (x˜), g)
by σ¯ (w) = (pu|G(Ex˜(r)))−1(w) for w ∈ E˜uj (g˜k+n0(x˜), g, r ′). By (4.4) we have Lip(σ¯ ) 
(ρ + 2)/ρ = ρ2, and so S = (pu ◦ Gk+n0x˜ |graph(σ |Ex˜ ))−1(graph(σ¯ )) meets our require-
ment. ✷
By Lemma 3.2 in [1] there are a neighborhoodV0(f )⊂ U3(f ) of f and a neighborhood
Wi ∪ g(Wi)⊂ Vi of Λi(f ) such that for g ∈ V0(f ) and 1 i  l
(1) Wi ∩Ws(Λi(g), g)⊂Wsr3(Λi(g), g),
(2) Λi(g)⊂Wi ⊂Ur3(Λi(g)).
By the choice of r3 we have that for x˜ = (xn) ∈Mg
x−n0 ∈Wi ⇒ x˜ ∈ V˜i ∩ g˜−1
(
V˜i
)
. (4.6)
The following lemma is obtained by the similar way as the proof of Lemma 3.8 in [1],
and so we omit the proof.
Lemma 4.3. There is a neighborhood U(f ) of f with U(f )⊂ V0(f ) such that for n1  0
and α1 > 0 there exist δ2 > 0 and α3 > 0 such that if g ∈ U(f ) and a δ2-pseudo-orbit {x˜n}
of g˜ satisfy that x00 ∈Uα3(Wsr3(Λj (g), g)) ∩Wj and x˜n¯ /∈ V˜j for some n¯ > 0, then there is
a integer m with m n1 satisfying
(1) x˜n+n0 ∈ V˜j ∩ g˜−1(Vj ) for 0 nm,
(2) x˜m+n0 ∈ B˜α1(F˜ ur3(Λj (g), g)).
The following lemma is easily checked.
Lemma 4.4. There is a neighborhood U(f ) of f with U(f )⊂ V0(f ) such that for α3 > 0
there exist δ3 > 0 and n2 > 0 such that if g ∈ U(f ) and a δ3-pseudo-orbit {x˜n} of g satisfy
x˜−m ∈ V˜j for m 0, then x−m0 ∈ Uα3(Wsr3(Λj (g), g)) ∩Wj for m n2.
Proof of Proposition 3.5. Let f ∈ Cr(M) satisfy Axiom A and the strong transversality.
Denote as Ω(f )=Λ1(f ) ∪ · · · ∪Λl(f ) a finite union of basic sets. Let λ1 and V˜i be as
in Lemma 3.1, and let r1 be as in (3.1). Let Vi, n0, r3,Wi and V0(f ) be as above, and
let {Mi} and m0 be as in Lemma 2.1. Define W˜i as in (2.1) and δ0 as in (2.2). Choose
U ′(f ), L  1 and δ′0 > 0 satisfying (2.3a,b). Let U ′′(f ), k1 > 0 and α0 > 0 be as in
Lemma 2.3 for r = r3. For simplicity we suppose that V0(f )⊂ U ′(f )∩ U ′′(f ) and V0(f )
satisfies Lemmas 4.3 and 4.4. To prove Proposition 3.5 it is enough to find a neighborhood
U(f )⊂ V0(f ) satisfying Proposition 3.5 for each pair 1 j < i  l.
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First we consider the case 2  i  l and j = i − 1. Let Uk11 (f ) with Uk11 (f ) ⊂
V0(f ), α1 = α1(k1) with α1(k1)  α0, α2 = α2(k1), ρ1 = ρ1(k1) and ρ2 = ρ2(k1) be
as in Lemma 4.1 for k = k1, and let Uk12 (f ) with Uk12 (f ) ⊂ Uk11 (f ) and k2 = k2(k1) > 0
satisfy Lemma 2.4 for α2. Put ρ = ρ(k1) = max{ρ1, ρ2} and choose κ = κ(k1) > 0 and
γ = γ (k1) > 1 satisfying
λ1 + 2κρ < 1, γ < 1
λ1
− 2κρ, 2κ
1− λ1 < ρ1.
Let Uk1(f ) with Uk1(f )⊂ Uk12 (f ) and r2 = r2(k1) > 0 be as in Lemma 3.3 for ρ = ρ2, κ
and γ . To show Uk1(f ) meets our requirement, for r > 0 small enough we determine
m¯1, m¯2 and δ as follows:
Let r ′ = r ′(k1) > 0 and δ¯ = δ¯(k1) > 0 satisfy Lemma 4.1 and let δ1 = δ1(k1) > 0 be as
in Lemma 3.3 for r ′. Choose n¯1 = n¯1(k1), n¯2 = n¯2(k1) > 0 such that
λ
n¯1
1 + κ
n¯1−1∑
k=0
λk1 <
2κ
1− λ1 , (2κρ + λ1)
n¯1r <
δ¯
2
,
γ n¯1r ′ > r, (λ1 + κ)n¯2ρ2  1,
and put m¯′2 = m¯′2(k1) = n¯1 + n¯2 and m¯2 = m¯2(k1) = m¯2 + k1 + n0. Let δ2 = δ2(k1) > 0
and α3 = α3(k1) > 0 be as in Lemma 4.3 for n1 = n¯1. Choose δ3 = δ3(k1) > 0 and
n2 = n2(k1) satisfying Lemma 4.4 for α3, and put m¯1 = m¯1(k1) = max{n¯1, n2}. For
K =K(k1)=m0 + 2n0 + k1 + k2 + 1 there is δ′′ = δ′′(k1) > 0 such that
K∑
t=0
Ltδ′′ < min
{
δ0, δ
′
0, δ1
}
.
Put
δ = δ(k1)=min
{
δ′′
2n0+1
, δ2, δ3,
1− (2κρ + λ1)
4
δ¯
}
.
Then by the same calculation as (2.5) we have for g ∈ Uk1(f ) and a δ-pseudo-orbit {x˜m}
of g˜
d
(
xm+kn , xmn+k
)
< δ0 (m ∈ Z, −n0  n n0, 1 k K − n0 − n), (4.7)
and
d˜
(
g˜m
(
x˜n
)
, x˜n+m
)

m−1∑
k=0
d˜
(
g˜m−k
(
x˜n+k
)
, g˜m−1−k
(
x˜n+1+k
))

m−1∑
k=0
Lm−1−k d˜
(
g˜
(
x˜n+k
)
, x˜n+1+k
)

m−1∑
k=0
Lm−1−kδ  δ1 (n ∈ Z, 0mK). (4.8)
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To show that the above m¯1, m¯2 and δ satisfy Proposition 3.5 for 2 i  l and j = i − 1
we take and fix g ∈ Uk1(f ) and a δ-pseudo-orbit {x˜m} of g˜ satisfying
(a) x˜m ∈ W˜i for mm1,
(b) x˜m ∈ W˜j for mm2
for some integers m1 < m2, and σ ∈ Σ1i (x˜m1−m¯1, g, r). Since x˜m ∈ W˜i ⊂ V˜i for m 
m1, we have by Lemma 4.4 that xm1−m0 ∈ Uα3(Wsr3(Λi(g), g)) ∩ Wi for m  n2. Since
m¯1 + n0  n2, we have xm1−m¯1−n00 ∈ Uα3(Wsr3(Λi(g), g)) ∩Wi . By Lemma 4.3 there is
m¯ n¯1 such that
x˜m1−m¯1+m ∈ V˜i ∩ g˜−1
(
V˜i
)
(0m m¯),
x˜m1−m¯1+m¯ ∈ B˜α1
(
F˜ ur3
(
Λi(g), g
))
. (4.9)
For 1m m¯
σm = Γg,x˜m1−m¯1+m−1,x˜m1−m¯1+m ◦ · · · ◦ Γg,x˜m1−m¯1 ,x˜m1−m¯1+1(σ )|E˜ui (x˜m1−m¯1+m,g,r)
is well defined by Lemma 3.3, and σm¯ ∈Σ1i (x˜m1−m¯1+m¯, g, r). Then we have
Lip(σm¯)  λm¯1 + κ
m¯−1∑
k=0
λk1 <
2κ
1− λ1 < ρ1,
∥∥σm¯(o)∥∥  (2κρ + λ1)m¯r + 2δ m¯−1∑
k=0
(2κρ + λ1)k
 δ¯
2
+ 2δ
1− (2κρ + λ1)  δ¯. (4.10)
Put n¯=m1 − m¯1 + m¯. Then we have
x˜n¯ ∈Ng(i, i − 1, k1, α1, α2). (4.11)
Indeed, we have xn¯k1 ∈ intMi−1 by Lemma 2.3 since xn¯0 ∈ Bα1(F ur3(Λi(g), g)). For the
case i = 2 we have Mi−1 =M1 =W1, and so xn¯k1+n ∈W1 ⊂ V1 for n 0. Thus it is easily
checked that xn¯k1 ∈W1∩Ws(Λ1(g), g)⊂Wsr3(Λ1(g), g). For the case i  3, if xn¯k1 /∈Wi−1,
then xn¯k1+m0+1 ∈ g(Mi−2). Since
d
(
x
n¯+k1+m0+1
0 , x
n¯
k1+m0+1
)
< δ0,
we have xn¯+k1+m0+10 ∈ Mi−2, and so xn¯+k1+m0+n0 ∈ Mi−2 for n  1, which is a
contradiction. Thus xn¯k1 ∈Wi−1, and so
xn¯k1+n ∈ Vi−1 (0 n n0)
by the choice of Wi−1. If xn¯k1+n0 /∈ Uα2(Wsr3(Λi−1(g), g)), then by Lemmas 2.1 and 2.4 we
have
xn¯k1+n0+m0+k2 ∈ g(Mi−2).
By the similar way as above we have a contradiction, and so
xn¯k1+n0 ∈Uα2
(
Wsr3
(
Λi−1(g), g
))
.
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Thus (4.11) was obtained.
Since xn¯k1 ∈Mi−1 and d(x
n¯+k1+n0+1−n0 , x
n¯
k1+1) < δ0, we have x
n¯+k1+n0+1−n0 ∈Mi−1, and so
x
n¯+k1+n0+m−n0 ∈Mi−1 for m 1. From the assumption (b) we have
x˜n¯+k1+n0+m ∈ W˜i−1 (m 1)
by the same method as the proof of Lemma 2.2. Since g˜k1+n0(x˜n¯)−n0 = xn¯k1 ∈Wi−1, we
have
g˜k1+n0
(
x˜n¯
) ∈ V˜i−1 ∩ g˜−1(V˜i−1).
By (4.9), (4.10) and (4.11) there are σ¯ ∈ Σρ2i−1(g˜k1+n0(x˜n¯), g, r ′) and S′ ⊂ graph(σm¯)
satisfying Lemma 4.1. Since
d˜
(
g˜k1+n0+1
(
x˜n¯
)
, x˜n¯+k1+n0+1
)
< δ1
by (4.8),
σ¯1 = Γg,g˜k1+n0 (x˜n¯),x˜n¯+k1+n0+1(σ¯ )|E˜ui−1(x˜n¯+k1+n0+1,g,γ r ′)
is well defined. Put rm =min{r, γ mr ′}> 0. Inductively, we define σ¯m (m 2) by
σ¯m = Γg,x˜n¯+k1+n0+m−1,x˜n¯+k1+n0+m(σ¯m−1)|E˜ui−1(x˜n¯+k1+n0+m,g,rm).
If Lip(σ¯m) > 1, then Lip(σ¯m+1) (λ1+κ)Lip(σ¯m). Since (λ1+κ)n¯2ρ2  1, there is n > 0
with n  n¯2 such that Lip(σ¯n)  1. When the case Lip(σ¯m)  1 we have Lip(σ¯m+1) 
λ1Lip(σ¯m)+ κ . Thus we have
Lip(σ¯m¯′2) λ
m¯′2−n
1 + κ
m¯2−n−1∑
k=0
λk1  λ
n¯1
1 + κ
n¯1−1∑
k=0
λk1  1.
Since min{r, γ m¯′2r ′} = r , we have
σ¯m¯′2 ∈Σ1i−1
(
x˜n¯+k1+n0+m¯′2 , g, r
)
.
Since m2 > n¯, we have
σ¯m¯′2+m2−n¯ ∈Σ1i−1
(
x˜m2+m¯2 , g, r
)
.
It is easily checked that there is a subset S ⊂ graph(σ ) satisfying Proposition 3.5 (i) and (ii)
for σ¯m¯′2+m2−n¯. We proved Proposition 3.5 for the case 2 i  l and j = i − 1.
Next, we consider the case 3  i  l and j = i − 2. Let δ′2 > 0 and α′3 > 0 with
α′3  α2(k1) be as in Lemma 4.3 for n1 = n¯1(k1)+ n¯2(k1)+m0 and α1 = α1(k1). Choose
k′2 > 0 with k′2  k2(k1) satisfying Lemma 2.4 for α2 = α′3 and put
k¯ = k1 + k′2 + n0 +m0.
By the same argument as above we take a neighborhood U k¯(f ) of f with U k¯(f )⊂ Uk1(f ),
and for r > 0 small enough we choose m¯1(k¯) > 0, m¯2(k¯) > 0 and δ(k¯) > 0 satisfying
m¯1(k¯) m¯1(k1), m¯2(k¯) m¯2(k1) and δ(k¯) δ(k1).
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Let g ∈ U k¯(f ) and {x˜m} be a δ(k¯)-pseudo-orbit of g˜ as in Proposition 3.5 for 3 
i  l and j = i − 2. Let σ ∈ Σ1i (x˜m1−m¯1, g, r). Then there is m¯ > 0 such that m¯ 
max{n¯1(k1), n¯1(k¯)} and
x˜m1−m¯1(k¯)+m ∈ V˜i ∩ g˜−1
(
V˜i
)
(0m m¯),
x˜m1−m¯1(k¯)+m¯ ∈ B˜α1
(
F˜ ur3
(
Λi(g), g
))
,
where α1 = min{α1(k1), α1(k¯)}. Then σm ∈ Σ1i (x˜m1−m¯1(k¯)+m,g, r) (0  m  m¯) is de-
fined as above, and we have σm¯ ∈Σ1i (x˜m1−m¯1(k¯)+m¯, g, r), Lip(σm¯) < min{ρ1(k1), ρ1(k¯)}
and ‖σm¯(o)‖min{δ¯(k1), δ¯(k¯)}. Put n¯=m1 − m¯1(k¯)+ m¯.
We consider the following cases:
(A) xn¯
k¯
∈Mi−2,
(B) xn¯
k¯
/∈Mi−2.
For the case (A) we have x˜n¯ ∈ Ng(i, i − 2, k¯, α1(k¯), α2(k¯)) and obtain the conclusion by
the same argument as the proof of the case j = i − 1.
For the case (B) it is easily checked that
g˜k1+n0
(
x˜n¯
)
−n0 = x
n¯
k1
∈Wi−1,
(4.12)
xn¯k1+n0 ∈Uα′3
(
Wsr3
(
Λi−1(g), g
))∩Wi−1,
and so
x˜n¯ ∈Ng
(
i, i − 1, k1, α1(k1), α2(k1)
)
, g˜k1+n0
(
x˜n¯
) ∈ V˜i−1 ∩ g˜−1(V˜i−1).
Thus there are σ¯ ∈Σρ2(k1)i−1 (g˜k1+n0(x˜n¯), g, r ′(k1)) and S′ ⊂ graph(σm¯) satisfying Lemma 4.1.
For simplicity we put n¯′ = k1 + n0.
Since d˜(g˜n¯′+1(x˜n¯), x˜n¯+n¯′+1) < δ′2, the sequence
. . . , x˜n¯−1, x˜n¯, g˜
(
x˜n¯
)
, . . . , g˜n¯
′(
x˜n¯
)
, x˜n¯+n¯′+1, . . .
is a δ′2-pseudo-orbit. From the assumption it is easily checked that m2 > n¯ + n¯′ and
x˜m2 /∈ V˜i−1, thus by (4.12) and Lemma 4.3 there is m¯′  n¯1(k1)+ n¯2(k1)+m0 such that
x˜n¯+n¯′+n0+m ∈ V˜i−1 ∩ g˜−1
(
V˜i−1
)
(0m m¯′),
x˜n¯+n¯′+n0+m¯′ ∈ B˜α1(k1)
(
F˜ ur3
(
Λi−1(g), g
))
.
We show that
x˜n¯+n¯′+m ∈ V˜i−1 ∩ g˜−1
(
V˜i−1
)
(1m n0). (4.13)
By (4.8) we have
d˜
(
g˜n¯
′+1(x˜n¯), x˜n¯+n¯′+1) K(k1)∑
k=0
Lkδ′′(k1)/2n0+1 < δ0/2n0+1,
and so
d
(
xn¯k1+1, x
n¯+n¯′+1−n0
)
< δ0.
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Since g˜n¯′ (x˜n¯)−n0 = xn¯k1 ∈Wi−1, we have xn¯k1+1 ∈ g(Wi−1)⊂ g(Mi−1), and so xn¯+n¯
′+1−n0 ∈
Mi−1. Thus it is easily checked that
xn¯+n¯
′+m−n0 ∈Mi−1 (m 1).
If xn¯+n¯′+m′−n0 /∈Wi−1 for some 1m′  n0, then xn¯+n¯
′+m′
−n0+m0+1 ∈ g(Mi−2). Since
d
(
xn¯+n¯′+m′−n0+m0+1, x
n¯+n¯′+m′+m0+1−n0
)
< δ0,
we have xn¯+n¯
′+m′+m0+1−n0 ∈Mi−2, and so
x
n¯+n¯′+m′+m0+m−n0 ∈Mi−2 (m 1).
Since n¯ + n¯′ + n0 + m0 + 1  n¯ + n¯′ + n0 + m¯′, we have xn¯+n¯
′+n0+m¯′−n0 ∈ Mi−2. If
x
n¯+n¯′+n0+m¯′−n0 /∈Wi−2, then xn¯+n¯
′+n0+m¯′−n0+m0+1 ∈ g(Mi−3), and so
x
n¯+n¯′+n0+m¯′+m0+m−n0 ∈ intMi−3 for m 1,
which contradicts to the assumption (b). Thus xn¯+n¯′+n0+m¯′−n0 ∈Wi−2. Since Vi−1 ∩Wi−2 =
∅, we have x˜n¯+n¯′+n0+m¯′ /∈ V˜i−1, which is a contradiction. Thus xn¯+n¯′+m−n0 ∈ Wi−1 for
1m n0. By (4.6) we have (4.13). Therefore
xn¯+n¯′+m ∈ V˜i−1 ∩ g˜−1
(
V˜i−1
)
(0m n0 + m¯′).
Since d˜(g˜n¯′+1(x˜n¯), x˜n¯+n¯′+1) δ1(k1) by (4.8),
σ¯1 = Γg,g˜n¯′(x˜n¯),x˜n¯+n¯′+1(σ¯ )|E˜u
i−1(x˜n¯+n¯
′+1,g,γ (k1)r ′(k1))
is well defined. Put r ′m =min{r, γ (k1)mr ′(k1)}> 0 and define σ¯m ∈Σρ2(k1)i−1 (x˜n¯+n¯
′+m,g, r ′m)
for 2m n0 + m¯′ by
σ¯m = Γg,x˜n¯+n¯′+m−1,x˜n¯+n¯′+n0+m(σ¯ )|E˜ui−1(x˜n¯+n¯′+m,g,r ′m).
Then it is easily checked that
Lip(σ¯m¯′) < ρ1(k1),
∥∥σ¯m¯′ (o)∥∥ δ¯(k1).
Thus we obtain the conclusion of Proposition 3.5 by the same fashion as above. We proved
Proposition 3.5 for the case 3 i  l and j = i − 2.
For the general cases the above argument is adapted. Therefore we obtained Proposi-
tion 3.5. ✷
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